Abstract. The effect of moisture concentration and the thermal gradient on the free flexural vibration and buckling of laminated composite plates are investigated. The effect of a centrally located cutout on the global response is also studied. The analysis is carried out within the framework of the extended finite element method. A Heaviside function is used to capture the jump in the displacement and an enriched shear flexible 4-noded quadrilateral element is used for the spatial discretization. The formulation takes into account the transverse shear deformation and accounts for the lamina material properties at elevated moisture concentrations and temperature. The influence of the plate geometry, the geometry of the cutout, the moisture concentration, the thermal gradient and the boundary conditions on the free flexural vibration is numerically studied.
Introduction
Fibre reinforced laminated composites belong to a class of engineered materials that has found increased utilization as structural elements in the construction of aeronautical and aerospace vechicles, sports, as well as civil and mechanical structures. This is because of their excellent strength-to and stiffness-to-weight ratios and the possibility to tailor their properties to optimize the structural response. However, the analysis of such structures is very demanding due to coupling between membrane, torsion and bending strains; weak transverse rigidities; and discontinuity of the mechanical characteristics through the thickness of the laminates. The application of analytical/numerical methods based on various 2D theories have attracted the attention of the research community. In general, three different approaches have been used to study laminated composite structures: single layer theories, discrete layer theories and mixed plate theory. In the single layer theory approach, layers in laminated composites are assumed to be one equivalent single layer (ESL), whereas in the discrete layer theory approach, each layer is considered in the analysis. Although the discrete layer theories provide very accurate prediction of the displacements and the stresses, increasing the number of layers increases the number of unknowns. This can be prohibitively costly and significantly increase the computational time [25] . To overcome the above limitation, zig-zag models developed by Murukami [11] can satisfy the transverse shear stresses continuity conditions at the interfaces. Moreover, the number of unknowns are independent of the number of layers. Carrera [5, 12, 4 ] derived a series of axiomatic approaches, coined as 'Carrera Unified Formulation' (CUF) for the general description of two-dimensional formulations for multilayered plates and shells. With this unified formulation it is possible to implement in a single software a series of hierarchical formulations, thus affording a systematic assessment of different theories, ranging from simple ESL models up to higher order layerwise descriptions. This formulation is a valuable tool for gaining a deep insight into the complex mechanics of laminated structures.
Plates with cutouts are extensively used in transport vehicle structures. Cutouts are made to lighten the structure, for ventilation, to provide accessibility to other parts of the structures and for altering the resonant frequency. Therefore, the natural frequencies of plates with cutouts are of considerable interest to designers of such structures. Most of the earlier investigations on plates with cutouts have been confined to isotropic plates [17, 1, 8] and laminated composites [21, 22] . Moreover, the laminated composites may be subjected to moisture and temperature environment during its service life. The moisture concentration and thermal environment can have significant impact on the response of such laminated structures. Whitney and Ashton [24] employed Ritz method to analyze the effect of environment on the free vibration of symmetric laminates. Patel et al., [18] employed shear flexible Q8 quadrilateral element to study the hygrothermal effects on the structural behaviour of thick composite laminates. Patel et al., employed higher order accurate theory and studied the importance of retaining higher order terms in the displacement approximation. The effect of cutouts on the buckling behaviour of laminated composites were studied in [16, 20] . And more recently, Komur et al., [9] and Ghannadpour et al., [7] studied the buckling behaviour of laminated composites with circular and elliptical cutouts using the finite element method and first order shear deformation theory. Their study was restricted to a limited number of configurations, because the mesh has to conform to the geometry. Moreover, to the author's knowledge the effect of cutout on the free vibration and buckling behaviour of laminated composites in hygrothermal environment has not been studied earlier or was limited to simple configurations. In this study, we present a framework that provides flexibility to handle internal discontinuities.
In this paper, we study the influence of a centrally located cutout on the fundamental natural frequency and the critical load of multilayered composite laminated plates in hygrothermal environment. Circular and elliptical cutouts are considered for the study. A structured quadrilateral mesh is used and the cutouts are modelled independent of the mesh within the extended finite element (XFEM) framework. A systematic parametric study is carried out to bring the effect of the boundary conditions, the thermal gradient ∆T , the change in moisture concentration ∆C, the geometry of the cutout on the free flexural vibration and buckling of laminated composites.
Theoretical formulation
Using the Mindlin formulation, the displacements u, v, w at a point (x, y, z) in the plate (see Figure  (1) ) from the medium surface are expressed as functions of the mid-plane displacements u o , v o , w o and independent rotations β x , β y of the normal in yz and xz planes, respectively, as
where t is the time. The strains in terms of mid-plane deformation can be written as:
The midplane strains ε p , the bending strains ε b and the shear strains ε s in Equation (2) are written as: where the subscript 'comma' represents the partial derivative with respect to the spatial coordinate succeeding it. The strain vector {ε o } due to temperature and moisture is represented as:
where ∆T and ∆C are the rise in temperature and the moisture concentration, respectively. α x , α y and α xy are the thermal expansion coefficients in the plate coordinates and can be related to the thermal coefficients (α 1 , α 2 andα 3 in the material principal directions and β x , β y and β xy are the moisture expansion coefficients similar to thermal expansion coefficients in the plate coordinates. The constitutive relations for an arbitrary layer k in the laminate (x, y, z) coordinate system can be expressed as:
where the terms of [Q k ] matrix of k th ply are referred to the laminate axes and can be obtained from the [Q k ] corresponding to the fibre directions with the appropriate transformations. The governing equations are obtained by applying Lagrangian equations of motion:
where T is the kinetic energy, given by:
where p =
z 2 ρ dz and ρ is the mass density of the plate. The strain energy function U is given by:
where δ = {u, v, w, β x , β y } is the vector of the degrees of freedom associated to the displacement field in a finite element discretization. Substituting Equations (7) - (8) in Lagrange's equations of motion and following the procedure given in [19] , the following discretized equation is obtained:
where K is the global linear stiffness matrix, K R and K G are the global geometric stiffness due to the residual stresses and the applied in-plane mechanical loads, respectively, M is the global mass matrix and f T is the global hygrothermal load vector. After substituting the characteristic of the time function [6]δ = −ω 2 δ, the following algebraic equation is obtained:
where ω is the natural frequency and λ is the buckling load. The residual stress state depends on the ply lay-up. Hence, to evaluate the stress state, pre-buckling displacement field for the assumed hygro-thermal-mechanical load is obtained by solving static bending. The displacement field is then used to calculate the stresses and in turn, K R and K G in matrices.
Spatial discretization
The plate element employed here is a C o continuous shear flexible field consistent element with five degrees of freedom (u o , v o , w o , β x , β y ) at four nodes in a 4-noded quadrilateral (QUAD-4) element. The displacement field within the element is approximated by:
where u oJ , v oJ , w oJ , β xJ , β yJ are the nodal variables and N J are the shape functions for the bi-linear QUAD-4 element. If the interpolation functions for a QUAD-4 are used directly to interpolate the five variables (u o , v o , w o , β x , β y ) in deriving the shear strains and the membrane strains, the element will lock and show oscillations in the shear and the membrane stresses. The oscillations are due to the fact that the derivative functions of the out-of plate displacement, w o do not match that of the rotations (β x , β y ) in the shear strain definition, given by Equation (3). To alleviate the locking phenomenon, the terms corresponding to the derivative of the out-of plate displacement, w o must be consistent with the rotation terms, β x and β y . The present formulation, when applied to thin plates, exhibits shear locking. In this study, field redistributed shape functions are used to alleviate the shear locking. [23, 13] The field consistency requires that the transverse shear strains and the membrane strains must be interpolated in a consistent manner. Thus, the β x and β y terms in the expressions for the shear strain ε s have to be consistent with the derivative of the field functions, w o,x and w o,y . Representation of discontinuity surface The finite element framework requires the underlying finite element mesh to conform to the discontinuity surface. The recent introduction of implicit boundary definition-based methods, viz., the extended/generalized FEM (XFEM/GFEM), alleviates the shortcomings associated with the meshing of the discontinuity surface. In this study, the partition of unity framework is employed to represent the discontinuity surface independent of the underlying mesh.
Enriched part (11) where N fem is a set of all the nodes in the finite element mesh and N c is a set of nodes that are enriched with the Heaviside function. In Equation (11)
) are the nodal unknown vectors associated with the continuous part of the finite element solution, b J is the nodal enriched degree of freedom vector associated with the Heaviside (discontinuous) function. In this study, a level set approach is followed to model the cutouts. The geometric interface (for example, the boundary of the cutout) is represented by the zero level curve φ ≡ φ(x, t) = 0. The interface is located from the value of the level set information stored at the nodes. The standard FE shape functions can be used to interpolate φ at any point x in the domain as:
where the summation is over all the nodes in the connectivity of the elements that contact x and φ I are the nodal values of the level set function. For circular cutout, the level set function is given by:
where x c and r c are the center and the radius of the cutout. For an elliptical cutout oriented at an angle θ, measured from the x− axis the level set function is given by:
where
where d and e are the major and minor axes of the ellipse and (x c , y c ) is the center of the ellipse. Numerical integration over enriched elements A consequence of adding custom tailored enrichment functions to the FE approximation basis, which are not necessarily smooth functions is that, special care has to be taken in numerically integrating over the elements that are intersected by the discontinuity surface. The standard Gauß quadrature cannot be applied in elements enriched by discontinuous terms, because Gauß quadrature implicitly assumes a polynomial approximation. One potential solution for the purpose of numerical integration is by partitioning the elements into subcells (to triangles for example) aligned to the discontinuous surface in which the integrands are continuous and differentiable [2] . The other techniques that can be employed are Schwarz Christoffel Mapping [14, 15] , Generalized quadrature [10] and Smoothed eXtended FEM [3] . In the present study, a triangular quadrature with sub-division is employed along with the integration rules described in Table 1 . For the elements that are not enriched, a standard 2 × 2 Gaussian quadrature rule is used. 6.0 6.0 6.0 6.0 6.0 6.0 6.0
Numerical Examples
In this section, we study the influence of a centrally located cutout on the fundamental frequencies of FGM plates. We consider both square and rectangular plates with simply supported and clamped boundary conditions. Two different cutout shapes, viz., circular and elliptical cutouts (see Figure  ( 2)) are considered in this study. Although the formulation presented here is general, the analysis is carried out for cross-ply laminates subjected to uniform distributions of moisture and/or temperature. The lamina properties at the elevated moisture concentration and temperature is given in Tables 2 and  3 . The effect of the plate slenderness ratio a/h, the plate aspect ratio b/a, the cutout radius r/a, the cutout geometry d/e and the boundary condition on the natural frequencies and the critical buckling load are numerically studied. The boundary conditions for simply supported and clamped cases are :
Simply supported boundary condition:
Clamped boundary condition: Validation Before proceeding with a detailed study on the effect of different parameters on the natural frequency and the critical load, the formulation developed herein is validated against available closed form/analytical solutions. The critical load and the natural frequency of a cross-ply laminate exposed to moisture and temperature are presented in Table 4 , along with the Ritz solutions [24] and with Q8 element [18] . It can be seen that the results from the present formulation compare very well with the available solutions and based on a progressive mesh refinement, a structured quadrilateral mesh of 40× 40 is found to be adequate to model the full laminate for the present analysis. From the Table ? ?, it is seen that the percentage difference between a structured 30 × 30 and 40 × 40 mesh is less than 0.1%, hence, a structured mesh of 30 × 30 is used for the analysis. Next, through the present formulation, the influence of various parameters on the natural frequency and the critical load is studied.
Vibration Consider a plate with side lengths a and b and thickness h. A laminated plate with ply sequence (0
• ) is considered for the analysis. In all cases, we present the non dimensionalized free flexural frequencies as, unless specified otherwise:
Figure (3) shows the influence of plate aspect ratio a/b on the natural frequency for a simply supported laminated plate (0
• ) with a centrally located circular cutout r o /a = 0.2 and exposed to moisture concentration C =1% and temperature T = 300K. The effect of plate thickness is also shown in Figure (3) . It is seen that increasing the plate aspect ratio and decreasing the thickness of the plate, increases the natural frequency. The effect of moisture concentration C, the plate thickness a/h and the boundary conditions is shown in Figure (4) . Increasing the moisture concentration has greater impact for a plate with smaller thickness and the natural frequency of the laminate plate with clamped boundary conditions is greater than the simply supported plate as expected. The influence of circular cutout radius and temperature on the natural frequency is shown in Figure (5) . It is seen that increasing the temperature, decreases the fundamental frequency while increasing the cutout radius, the fundamental frequency increases. The effect of the geometry of the cutout d/e and the orientation of the cutout ψ is shown in Figure (6 ). It can be seen that the orientation ψ of the cutout and the size of the cutout d/e has strong influence on the fundamental frequencies. The fundamental frequency decreases with increasing cutout size irrespective of the orientation of the cutout. With increasing orientation from 0
• to 90 • , the frequency decreases and reaches minimum when the cutout is oriented at 60
• and with further increase in the orientation, the frequency increases. Next, the effect of the cutout orientation and ply orientation on the fundamental frequency is studied. In this case, only one lamina is considered and the results are depicted in Figure (7) . It is seen that for the ply orientation θ = 45
• , the frequency is symmetric with respect to cutout orientation ψ = 45
• . Non-dimensionalized mode 1 frequency as a function of orientation of the cutout ψ for a simply supported square laminated plate with a/h =10 and for various ply orientations. In this case, only one single lamina is considered and the plate is exposed to temperature T = 300K and moisture concentration C = 0%.
Buckling Next, the effect of moisture concentration, the cutout and temperature on the critical load is numerically investigated. A laminated plate with ply sequence (0
• ) is considered for the analysis. In all cases, we present the non dimensionalized critical load as, unless specified otherwise: (19) where N * cr xx is the critical load of the laminate plate without a cutout and with moisture concentration C = 0% and temperature T = 300K. Figure (8) shows the effect of moisture concentration, the plate thickness and the aspect ratio on the critical buckling load for a simply supported laminated plate. It is seen that with increasing moisture concentration and a/h, the critical buckling load decreases, whilst with increasing plate aspect ratio, the critical load increases. The effect of cutout radius r o /a, the moisture concentration C and the thermal gradient on the critical buckling load is shown in Figure  (9 ). It is seen that with increasing the cutout radius, the moisture concentration and thermal gradient, the critical buckling load decreases. This can be attributed to the stiffness degradation. Figure (10) shows the influence of various boundary conditions and the size of a centrally located circular cutout on the normalized critical buckling load λ cr /Λ + cr for a square composite laminate with (0
It is seen that with increasing cutout radius, the critical buckling load decreases for a simply supported plate, while for a clamped plate, the critical buckling load first decreases and then increases.
Conclusion
The extended finite element framework was adopted to study the hygrothermal effects on the free vibration and buckling of multilayered laminated composites with a centrally located cutout. The formulation developed is general in nature and can handle non-uniform distributions of moisture and temperature, although only uniform distribution is considered in the present analysis. The broad conclusion that can be made from this parametric study is that with the increase in the uniform moisture concentration and the temperature, the reduction in the fundamental natural frequency and the critical load need not be linear and could lead to instability depending on the value of the moisture content, temperature and side-to-thickness ratio and aspect ratio. It can also be concluded that the presence of moisture content has negligible effect on the fundamental frequency of thick laminated plate. 
